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THE WITTEN GENUS AND EQUIVARIANT ELLIPTIC COHOMOLOGY
MATTHEW ANDO AND MARIA BASTERRA
Abstract. We construct a Thom class in complex equivariant elliptic cohomology extending the equivariant
Witten genus. This gives a new proof of the rigidity of the Witten genus, which exhibits a close relationship
to recent work on non-equivariant orientations of elliptic spectra.
1. Introduction
Let T denote the circle group. If X is a T-space, let XT denote the Borel construction ET ×T X . Let
HT denote Borel T-equivariant ordinary cohomology with complex coefficients. Choose a generator of the
complex character group of T and so an isomorphism
HT(pt) ∼= C[z].
Suppose that τ is a complex number with positive imaginary part. Consider the lattice Λ = 2πiZ+ 2πiτZ,
and let C = C/Λ be the associated elliptic curve. Grojnowski ([Gro94]; see also [Ros99, GKV95]) has
defined a T-equivariant elliptic cohomology functor E from compact T-spaces to sheaves of algebras over
OC , equipped with a canonical isomorphism
E(X)0
∼= HT(X)⊗C[z] OC0
of stalks at the identity of C. (For similar constructions for K-theory see [BBM85, DV93, BG94, RK99].)
The parameter τ determines a sigma function σ = σ(z, τ); it is an odd holomorphic function of z which
vanishes to first order at the points of Λ; see §5.1. Its Taylor expansion at the origin determines a Thom class
φ(V )
T
∈ HT(V, V0) ⊗
C[z]
OC0 for any oriented T-vector bundle V , which we call the “equivariant σ-orientation”.
The associated genus is the Witten genus ([AHS98]; see also §5.1).
If V is a vector bundle over a compact space X , then we define E(V ) to be the reduced E-cohomology
of the Thom space XV ; it is a sheaf of E(X)-modules, called the Thom sheaf of V . If V is a spin T-vector
bundle, then (see Proposition 3.10) E(V ) is an invertible sheaf of E(X)-modules. More generally, if W is
a virtual spin T-vector bundle over X , then there are genuine spin T-vector bundles T and V such that
W = V − T , and we may define E(V − T ) to be the invertible sheaf
E(W ) = E(T )−1 ⊗E(X) E(V ),
as the right-hand-side is independent of V and T up to canonical isomorphism (see §3).
We recall that if W is a virtual spin vector bundle over X , then there is a characteristic class p12 (W ) ∈
H4(X ;Z), twice which is the first Pontrjagin class. Our main result is the construction of a Thom class in
E-theory.
Theorem 1.1. Suppose that T acts non-trivially on a compact smooth manifold M . Suppose that W is an
virtual spin T-vector bundle over M such that
w2(WT) = 0 (1.2a)
p1
2 (WT) = 0. (1.2b)
Then the invertible sheaf of E(X)-modules E(W ) has a global section Σ, whose stalk at the origin is the
equivariant σ-orientation.
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In the Theorem we have used the fact that the map V 7→ VT, which sends a T-vector bundle to its Borel
construction, defines a homomorphism KOT (X)→ KO(XT). We have also used the fact that the Whitney
sum formula implies that the second Stiefel-Whitney class is well-defined for oriented virtual vector bundles,
and the class p12 is well-defined for virtual bundles with w2 = 0. More precisely, we have maps of infinite
loop spaces
BSpin −−−−→ BSO
w2−−−−→ K(Z/2, 2)
p1
2
y
K(Z, 4),
in which the row is a fibration.
Now consider the case thatW = V −T , where T is the tangent space ofM . If T is spin so that Proposition
3.10 defines E(−T ), then the Pontrjagin-Thom construction provides a map of sheaves
E(V − T )
ζ∗
−→ E(−T )
PT
−−→ E(∗) ∼= OC ,
where ζ is the relative zero section. The class PTζ∗(Σ)0 is the equivariant Witten genus of M twisted by V
(see §5.1). Since PTζ∗(Σ) is a global section of OC , the twisted Witten genus is “rigid”:
Corollary 1.3. If T is the tangent bundle of M , the characteristic classes of V − T satisfy (1.2), and T
(and so also V ) is spin, then the equivariant Witten genus of M twisted by V is constant.
This result was discovered by Witten, who gave a physical proof in [Wit87]. The first mathematical proofs
were given by Taubes and Bott-Taubes [Tau89, BT89]. Subsequently Kefeng Liu gave a shorter proof and
found many new cases [Liu94, Liu95b, Liu95a, GL96, Liu96a, Liu96b].
Besides giving an appealing relationship with equivariant elliptic cohomology, our construction has the
virtue of axiomatizing the properties of the σ-function on which it depends. We construct global sections of
E(W ) for a class of theta functions described in §4; Theorem 1.1 is a special case of Theorem 6.1.
We were led to the theta functions of §4 by the work of Hopkins, Strickland, and the first author. A
theta function such as we consider descends to a “Σ structure” on the elliptic curve C, in the sense of
[Bre83]. Ando-Hopkins-Strickland have shown that, if E is a (non-equivariant) elliptic cohomology theory
with elliptic curve C, then maps of ring spectra MO〈8〉 → E are given by Σ structures on the ideal sheaf
IĈ(0) of the origin in the formal group Ĉ of C.
The Weierstrass σ-function given in §5.1 descends to the unique Σ structure on the ideal sheaf IC(0),
and so gives a Σ structure on IĈ(0) by restriction. It follows that the σ-orientation is the unique natural
orientation from MO〈8〉 to elliptic spectra. Theorem 1.1 establishes a fundamental relationship between
these results and the rigidity theorems for equivariant elliptic genera. It seems reasonable to hope that
a (rational) equivariant analogue of the methods of [AHS98] will produce a functorial equivariant MO〈8〉
orientation to the rational equivariant elliptic spectra of Greenlees, Hopkins, and Rosu [GHR99], without
the elaborate calculations given below. We will return to that problem in another paper.
This paper was also inspired by the work of Haynes Miller and Ioanid Rosu [Mil89, Ros99] . Miller pro-
posed, before even Grojnowski’s functor was available, that an uncompleted equivariant elliptic cohomology
should offer a proof of the rigidity theorems. Rosu and the first author observed that the rigidity theorems
follow from the existence of a global section of the Thom sheaf in Grojnowski’s theory. Rosu constructed
a Thom class whose value at the origin gives the Ochanine genus. In fact, he showed that the “transfer”
argument of Bott and Taubes is the essential ingredient in the construction of the Thom section. The rigid-
ity of the Ochanine genus and Rosu’s analysis require only that the bundles in question be spin bundles of
even rank. This paper represents a first attempt to understand the Thom classes whose rigidity require the
restrictions (1.2).
In fact Theorems 1.1 and 6.1 really only require
w2(WT) = 0
p1(WT) = 0,
as one can see by investigating the use of these conditions in §8: the vanishing of p12 (WT) is used only
in rational expressions. Indeed Liu [Liu96b] has shown that Corollary 1.3 holds without any condition on
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w2(WT). The vanishing of w2(WT) seems to be necessary for Theorem 1.1, and the full conditions (1.2) will
certainly be required for any natural equivariant MO〈8〉 orientation to the category of equivariant elliptic
spectra.
This can already be seen in §7, where we investigate the situation in the case that W is a virtual complex
representation of T (soM is a point). In that case too only the condition p1(WT) = 0 is required to construct
a global section of E(W ). However, we do choose a generator z of the character group of T. The section of
E(W ) we construct is independent of this choice only when w2(WT) = 0.
Our formulation leads to proofs of many of the rigidity theorems in the literature, including the other
genera considered in [Wit87, BT89] and the twisted loop group genera of [Liu94]. In the interest of brevity,
we shall return to these issues at another time.
2. Equivariant elliptic cohomology
In this section, we briefly review Grojnowski’s equivariant elliptic cohomology, following [Gro94] and
[Ros99]. Given a complex elliptic curve C ∼= C/Λ, we shall describe a functor E from compact T-spaces to
sheaves of Z/2-graded analytic OC -algebras. The construction uses the analytic covering
C→ C
to assemble E(X) from the complex T-equivariant cohomology of X .
2.1. The elliptic curve. We fix a complex elliptic curve C over C, with an analytic isomorphism
C ∼= C/Λ
We write π for the covering map
C
π
−→ C.
If V is an open set in a complex analytic variety, then we write OV for the sheaf of holomorphic functions
on V , and MV for the sheaf of meromorphic functions.
Both C and C are abelian topological groups. If G is an abelian topological group and g ∈ G, then we
write τg for the translation map; and if V ⊂ G is an open set, then we write
V − g
def
= τ−g(V ).
Definition 2.1. An open set U of C is small if π−1U is a disjoint union of connected components V such
that π|V : V → U is an isomorphism.
If U is small and V is a component of π−1U , then the covering map induces an isomorphism
(π|V )∗OV ∼= OU .
In particular, if U contains the origin of C, then there is a unique component V of π−1U containing 0. This
determines a C[z]-algebra structure on OU , and a C[z, z
−1]-algebra structure on OU |U\0.
2.2. Adapted open cover of an elliptic curve. Now suppose that X is a compact T-manifold. If a is a
point of C, then we define
Xa =
{
XT[k] a is of order exactly k in C
XT otherwise.
Let N ≥ 1 be an integer.
Definition 2.2. A point a ∈ C is special to level N for X if XNa 6= XT.
If V is a T-bundle over a compact T-space X , then it is convenient to consider a few additional points to
be special. For each component F of XT, there are integers mj and an isomorphism of real T-vector bundles
V |F ∼= V (0) +
⊕
V (mj)
R
.
Here V (0) is the summand of V |F on which T acts trivially, V (mj) is a complex vector bundle on which
z ∈ T acts by fiberwise by multiplication by the complex number zmj , and if W is a complex vector bundle
we write WR for the underlying real vector bundle. The mj are called exponents or rotation numbers of V
at F . Let V + denote the one-point compactification of V .
4 MATTHEW ANDO AND MARIA BASTERRA
Definition 2.3. A point a in C is special to level N for V if it is special for V + or if for some component
F of XT there is a rotation number mj of V such that mjNa = 0.
In any case, for fixed N the set of points which are special to level N is a finite subset of the torsion
subgroup of C. Mostly we shall fix an N , and say simply that a is special.
Definition 2.4. An indexed open cover {Ua}a∈C of C is adapted to X or V (to level N) if it satisfies the
following.
1) a is contained in Ua for all a ∈ C.
2) If a is special and a 6= b, then a 6∈ Ua ∩ Ub.
3) If a and b are both special and a 6= b, then the intersection Ua ∩ Ub is empty.
4) If b is ordinary, then Ua ∩ Ub is non-empty for at most one special a.
5) Each Ua is small.
Lemma 2.5. C has an adapted open cover, and any two adapted open covers have a common refinement.
2.3. Equivariant cohomology. We write HT for Borel T-equivariant ordinary cohomology with complex
coefficients: so if X is a T-space then
H∗T(X) = H
∗(XT;C).
We choose a generator of the character group of T, and write z for the resulting generator of H2(BT;Z); this
gives a generator of H2
T
(∗) which we also call z. We shall often write HT for the ring H
∗
T
(∗) ∼= C[z]. Moreover
we shall consider HT to be a subring of the ring OC(C) of global analytic functions on C, by considering
z : C→ C to be the identity map.
We recall [Qui71] that HT satisfies a localization theorem.
Theorem 2.6. If X has the homotopy type of a finite T-CW complex (e.g. if X is a compact T-manifold),
then the natural map
HT(X) −→ HT(X
T)
induces an isomorphism
HT(X) ⊗
C[z]
C[z, z−1] ∼= HT(X
T) ⊗
C[z]
C[z, z−1].
2.4. Elliptic cohomology of a space. The equivariant elliptic cohomology of X is a sheaf of OC-algebras
over C. We shall describe it as follows. Let {Ua}a∈C be an adapted open cover of C. We first describe
sheaves E(X)a over Ua for each a, and then we assemble these into a sheaf E(X) over all of C.
For each a ∈ C, we define an sheaf of OC |Ua -algebras by the formula
E(X)a(U) = HT(X
a) ⊗
C[z]
OC(U − a) (2.7)
for U ⊂ Ua. Here OC(U − a) is a C[z]-algebra via the C[z]-structure on OC |Ua−a. The ring OC(U) acts by
the formula
g · (x⊗ y) = x⊗ yτ∗a g.
If a 6= b and Ua ∩ Ub is not empty, then by the definition (2.4) of an adapted cover, at least one of Ua
and Ub, suppose Ub, contains no special point. In particular we have X
b = XT and so an isomorphism of
C[z]-algebras
HT(X
b) ∼= H∗(Xb)⊗
C
C[z]. (2.8)
Lemma 2.9. If U ⊂ Ua ∩ Ub, and b is not special, then the inclusion
i : Xb −→ Xa
induces an isomorphism
HT(X
a) ⊗
C[z]
OC(U − a)
i∗⊗1
−−−→ HT(X
b) ⊗
C[z]
OC(U − a).
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Proof. If a is not special, then Xa = Xb and the result is obvious. If a is special, then it is not contained in
U (by the definition of an adapted cover), and so 0 is not contained in U − a. In particular, z is a unit in
OC(U − a). The localization theorem (2.6) gives the result.
We then define an isomorphism
φab : E(X)a|Ua∩Ub
∼=
−→ E(X)b|Ua∩Ub
of sheaves over Ua ∩ Ub as the composition (for U ⊂ Ua ∩ Ub)
HT(X
a) ⊗
C[z]
OC(U − a)
i∗⊗1
−−−→ HT(X
b) ⊗
C[z]
OC(U − a)
∼=
−→ H∗(Xb)⊗
C
OC(U − a)
1⊗τb−a
−−−−−→ H∗(Xb)⊗
C
OC(U − b)
∼=
−→ HT(X
b) ⊗
C[z]
OC(U − b).
(2.10)
The first map is an isomorphism by Lemma 2.9. The rest of the isomorphisms are tautologies, although
some use the isomorphism (2.8).
The cocycle condition
φbcφab = φac
needs to be checked only when two of a, b, c are not special; and in that case it follows easily from the
equation
τc−bτb−a = τc−a.
We shall write E(X) for the resulting sheaf over C. One then has the following. It was certainly known to
Grojnowski [Gro94], but for a detailed account the reader may wish to consult [Ros99].
Proposition 2.11. The sheaf E(X) is a sheaf of analytic OC-algebras, which is independent up to canonical
isomorphism of the choice of adapted open cover.
Note that the construction (2.7) implies that there is a canonical isomorphism
E(X)a
∼= HT(X
a)⊗C[z] OCa (2.12)
of stalks at a, as promised in the introduction.
3. Elliptic cohomology of vector bundles
3.1. Orientations. Let HP denote even periodic cohomology, that is
HP ∗(X) = H∗(X ;C[u, u−1]),
where |u| = −2. A power series
f(z) = z + higher terms ∈ HP 2(BT) ∼= C[[z]]
satisfying
f(−z) = −f(z)
determines an orientation
φ :MSO→ HP,
characterized by the property that if L is a complex line bundle, then its Euler class is f(c1L).
If V is a vector bundle, we write φ(V ) ∈ HP (V ) = HP (XV ) for the resulting Thom class. It is
multiplicative, in the sense that
φ(V ⊕ˆW ) = φ(V ) ∧ φ(W ) (3.1)
under the isomorphism
(X × Y )V⊕W ∼= XV ∧ YW .
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3.2. Equivariant characteristic classes. If c is a characteristic class of vector bundles and V is a T-vector
bundle over a space T-space X , then we write
c(V )
T
def
= c(VT),
provided that makes sense. We refer to c(− )
T
as the “equivariant characteristic class” associated to c. For
example, if V is oriented, then so is VT, and so
V 7→ w2(V )T
is a characteristic class of oriented T-vector bundles.
If the class c is additive, then we may similarly define c(W )
T
when W is a virtual vector bundle. For
example, if W is an oriented virtual T-bundle then we may write
W = V − V ′
where V and V ′ are oriented T-vector bundles; the quantity
w2(W )T = w2(V )T − w2(V
′)
T
;
is easily seen to be independent of the choice of oriented V and V ′. Similarly, if W is any virtual complex
vector bundle, then
c1(W )T = c1(V )T − c1(V
′)
T
if
W = V − V ′
in KT(X).
The equivariant Thom isomorphism provides another example. If
MSO
φ
−→ HP
is an orientation and
W = V − V ′
where V and V ′ are oriented T-vector bundles, then we write
φ(W )
T
∈ HPT(X
W ) ∼= HPT(X
V ) ⊗
HPT(X)
HPT(X
V ′)−1
for the resulting Thom class; and this is independent of the choice of oriented V and V ′.
We will use the notation eφ for the equivariant Euler class associated to φ: so if V is an oriented T-vector
bundle over X then
eφ(V ) = ζ
∗(φ(V )
T
) ∈ HPT(X),
where
ζ : X → XV
is the zero section.
3.3. Analytic orientations. Let
φ :MSO→ HP
be an orientation determined by a power series f as in § 3.1.
Definition 3.2. The orientation φ is analytic if f is contained in the subring OC0 ⊂ C[[z]] of germs of
holomorphic functions at 0; equivalently, if there is a neighborhood U of 0 in C on which the power series f
converges to a holomorphic function.
The basic fact about analytic orientations is the following.
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Proposition 3.3 ([Ros99]). If φ is analytic and V is an oriented T-vector bundle over a compact T-space
X, then the equivariant Euler class eφ associated to φ satisfies
eφ(V ) ∈ HT(X) ⊗
C[z]
OC0.
If Φ denotes the standard Thom isomorphism, then
φ(V )
T
=
eφ(V )
eΦ(V )
Φ(V )
T
,
and the ratio of Euler classes is a unit in HT(X) ⊗
C[z]
OC0. Of course multiplication by Φ(V )T induces an
isomorphism
HT(X) ∼= HT(V ),
and so we have the following
Corollary 3.4. There is a neighborhood U of the origin in C such that
φ(V )
T
∈ HT(V ) ⊗
C[z]
OC(U),
and such that multiplication by this class induces an isomorphism of sheaves
HT(X) ⊗
C[z]
OU
φ
−→
∼=
HT(V ) ⊗
C[z]
OU .
In other words, for every open set U ′ ⊆ U , multiplication by φ(V )
T
induces an isomorphism
HT(X) ⊗
C[z]
OC(U
′)
φ
−→
∼=
HT(V ) ⊗
C[z]
OC(U
′).
Definition 3.5. Let V be a T-vector bundle over a compact T-manifold X , and let φ be a multiplicative
analytic orientation. An indexed open cover {Ua}a∈C of C is adapted to the pair (V, φ) to level N if it is
adapted to V to level N (see Definition 2.4), and if for every point a ∈ C, the equivariant Thom class φ(V a)
induces an isomorphism
HT(X) ⊗
C[z]
OUa−a
φ
−→
∼=
HT(V
a) ⊗
C[z]
OUa−a.
3.4. Cohomology of the Thom space. Now suppose that V is a T vector bundle over X . Let E(V )
denote the reduced equivariant elliptic cohomology of the one-point compactification of V . In the case that
V is spin, we give an explicit cocycle which exhibits E(V ) as an invertible sheaf of E(X)-modules. The main
tool which makes this possible is the following.
Lemma 3.6. Let V be a Spin T-vector bundle over X. For all n, the fixed bundle V T[n] over XT[n] is
orientable (that is, it has a Thom isomorphism in ordinary cohomology with integer coefficients).
Proof. If the rank V is even, this is Lemma 10.1 in [BT89]. If the rank of V is odd, then we may apply that
lemma to V ′ = V ⊕ R.
Suppose then that V is a Spin T-vector bundle over X . Let φ be a multiplicative analytic orientation. Let
e be the associated (equivariant) Euler class. We define a class [φ, V ] ∈ H1(C;E(X)×) as follows. Choose an
open cover adapted to the pair (V, φ). Suppose that a, b are two points of C, such that Ua∩Ub is non-empty:
we may suppose that b is not special. Suppose that U ⊆ Ua ∩Ub. Recall that there is an isomorphism (2.10)
E(X)(U) ∼= HT(X
b) ⊗
C[z]
OC(U − a).
For each special point a of C, choose an orientation on V a and on V T; we may do so by Lemma 3.6. This
gives equivariant euler classes e(V a) for a ∈ C.
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Lemma 3.7. There is a unit e(a, b) ∈ E(X)(U) such that e(V b)e(a, b) = e(V a|Xb). Moreover we have
e(a, a) = 1
for all a, and
e(a, b)e(b, c) = e(a, c) (3.8)
whenever that makes sense.
Proof. Without loss of generality we may suppose that V b = V T. If in addition V a = V T, then e(a, b) = 1.
Otherwise, we have a 6∈ U so 0 6∈ U − a, and so z is a unit in OC(U − a). On each component F of X
b, there
are integers mj 6= 0 and complex vector bundles V (mj) over F such that
V a|F = V
b|F ⊕
⊕
mj
V (mj)
R.
Here T acts on V (mj) fiberwise by the character u 7→ u
mj .
Let f(z) = z + higher terms be the characteristic series of the orientation φ, so that
e(L) = f(c1L)
for L a complex line bundle. Let xj,1, . . . , xj,dj be the roots of the total Chern class of V (mj). Since
F is compact, the xi,j are nilpotent. It suffices to check that e(a, b)|F is a unit modulo nilpotents in
H(F ) ⊗
C[z]
OC(U − a). We have
e(a, b)|F =
∏
j
∏
i
f(mjz + xj,i)
≡
∏
j
∏
i
f(mjx)
≡ (
∏
j
m
dj
j )z
∑
dj (1 + higher terms in z),
where the equivalences are modulo nilpotents. The result follows, since the mj are non-zero and z is a unit
in OC(U − a).
The cocycle condition (3.8) is easy, because as usual the equation needs only to be verified when at most
one of a, b, and c is special.
Let [φ, V ] ∈ H1(C;E(X)×) be the cohomology class defined by the e(a, b). Let E(X)[φ,V ] denote the
resulting invertible sheaf of E(X)-modules over C. Explicitly, the sheaf E(X)[φ,V ] is assembled from the
sheaves
E(X)a(U) = HT(X
a) ⊗
C[z]
OC(U − a)
over Ua, using the sequence of isomorphisms
Ea(X)(U) ∼= HT(X
a) ⊗
C[z]
OC(U − a)
i∗⊗1
−−−→ HT(X
b) ⊗
C[z]
OC(U − a)
e(a,b)·
−−−−→ HT(X
b) ⊗
C[z]
OC(U − a)
∼= H∗(Xb)⊗
C
OC(U − a)
1⊗τ∗b−a
−−−−−→ H∗(Xb)⊗
C
OC(U − b)
∼= HT(X
b) ⊗
C[z]
OC(U − b)
∼= Eb(X)(U)
(3.9)
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as transition functions to assemble a sheaf over C.
It will be important in §6 that we allowed the orientation of V T to vary with the special point a. In fact,
the resulting sheaf E(X)[φ,V ] is independent of the choices, up to canonical isomorphism.
Proposition 3.10. If V is a spin T-bundle, then the Thom isomorphism φ induces an isomorphism
E(X)[φ,V ] ∼= E(V )
of sheaves of E(X)-modules.
Proof. Choose a cover adapted to X and the pair (V, φ). Suppose that U ⊂ Ua ∩ Ub, a is special, and b is
not. Then the diagram
HT(X
a) ⊗
C[z]
OC(U − a)
φ
−−−−→ HT(V
a) ⊗
C[z]
OC(U − a)
e(a,b)i∗
y yi∗
HT(X
b) ⊗
C[z]
OC(U − a)
φ
−−−−→ HT(V
b) ⊗
C[z]
OC(U − a)
1⊗τ∗b−a
y y1⊗τ∗b−a
HT(X
b) ⊗
C[z]
OC(U − b)
φ
−−−−→ HT(V
b) ⊗
C[z]
OC(U − b)
commutes (all the arrows are isomorphisms). The left column describes the sheaf E(X)[φ,V ], while the right
column describes E(V ).
Now suppose that W is a virtual T-bundle. We may write
W = V − T (3.11)
with V and T genuine T-bundles of even rank. We also clearly have
W = (V + 3T )− 4T,
and it is easy to check that
w1(4T )T = 0
w2(4T )T = 0
w1(V + 3T )T = w1(W )T
w2(V + 3T )T = w2(W )T.
Thus if W is a virtual spin bundle, then we may require that V and T are spin bundles of even rank. If
W = V − T = V ′ − T ′
with V , V ′, T , and T ′ spin bundles of even rank, then
V = V ′ ±D
where D is a spin bundle. It follows that we may define E(W ) to be the invertible sheaf
E(W ) = E(T )−1 ⊗
E(X)
E(V ).
As above, we can as construct a class [φ, V − T ] ∈ H1(C,E(X)×), equipped with a canonical isomorphism
E(W ) ∼= E(X)[φ,V−T ].
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4. Theta functions
The orientations in this paper will arise as the Taylor expansions of certain meromorphic θ functions.
The θ functions we consider are a special case of those considered in [Mum70, Ch. I], except that Mumford
considers only holomorphic functions.
Let Λ ⊂ C be a lattice. By a theta function for Λ we mean a meromorphic function θ : C → C with the
following properties. First, there is an integer N such that the zeroes and poles of θ are contained in N−1Λ.
Second, there are functions
γ : Λ→ C
c : Λ→ {±1}
such that, for all λ ∈ Λ and z ∈ C, we have
θ(−z) = −θ(z) (4.1a)
θ(0) = 0 (4.1b)
θ′(0) 6= 0 (4.1c)
θ(z + λ) = c(λ)eγ(λ)(z+
λ
2 )θ(z). (4.1d)
Using (4.1d) in various ways to compare θ(z+λ+λ′) with θ(z), one finds that γ is necessarily linear, and
that
c(λ+ λ′)
c(λ)c(λ′)
= e
1
2 (γ(λ)λ
′−λγ(λ′))
for λ, λ′ ∈ Λ. It follows that γ must satisfy the “period relation”
γ(λ)λ′ − λγ(λ′) ∈ 2πiZ.
The linearity of γ gives the useful formula
θ(z + ℓλ) = c(ℓλ)eγ(λ)(ℓz+ℓ
2 λ
2 )θ(z). (4.2)
Remark 4.3. Equation (4.1d) means that θ is a meromorphic section of the line bundle
L(γ, c) =
C× C
(z, v) ∼ (z + λ, vc(λ)eγ(λ)(z+
λ
2 )), λ ∈ Λ
over C/Λ, so the theta functions considered here are a special case of [Mum70, Ch. I].
The equations (4.1a—4.1c) imply that the Taylor expansion θˆ of θ at the origin determines a multiplicative
analytic orientation (see Definition 3.2)
φ :MSO→ HP. (4.4)
The genus associated to this orientation is
M 7→
∫
M
d∏
j=1
xj
θˆ(xj)
, (4.5)
where M is an oriented manifold of dimension 2d, and the x2j are the roots of the total Pontrjagin class of
M .
5. Examples
5.1. The Witten genus. One example of a theta function satisfying (4.1) is the Weierstrass σ-function.
We describe a variant associated to the Witten genus.
Let σ denote the expression
σ = (u
1
2 − u−
1
2 )
∏
n≥1
(1− qnu)(1− qnu−1)
(1− qn)2
. (5.1)
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This may be considered as an element of Z[[q]][u±
1
2 ] which is a holomorphic function of (u
1
2 , q) ∈ C× ×D,
where D = {q ∈ C|0 < |q| < 1}. Let h = {τ ∈ C| Im τ > 0} be the open upper half plane. We may consider
σ as a holomorphic function of (z, τ) ∈ C× h by setting
u
1
2 = e
z
2
q = e2πiτ .
For our purposes, it is sufficient to fix τ , and consider σ as a function of z alone. From the formula (5.1)
it follows that σ(z) is a theta function of the form (4.1) for the lattice Λ = 2πiZ+ 2πiτZ, with
γ(2πia+ 2πibτ) = −b
c(λ) =
{
1 λ ∈ 2Λ
−1 otherwise.
If V is a complex vector bundle, let rV = rankV − V denote the associated virtual bundle of rank 0. Let
SkV denote the k symmetric power of V , and let
Symt(V ) =
∑
k≥0
tkSkV.
This extends to an operation
K(X)→ (1 + tK(X)[[t]])×
because of the formula
Symt(V ⊕W ) = Symt V · SymtW.
The genus associated to the (Taylor series expansion of)
a(x) = e
x
2 − e−
x
2
is called the Â-genus. Formulae (4.5) and (5.1) show that the genus associated to σ is
M 7→ Â(M ;
⊗
n≥1
Symqn(rTM
C))
(this is explained in [AHS98]), which is equivalent to formula (27) in [Wit87].
Remark 5.2. Let C be the complex elliptic curve C/Λ. The equations (4.1) in this case are descent data for
the “Σ-structure” on the ideal sheaf IC(0) of the origin in C, in the sense of Breen [Bre83]; see particularly
§3.12.
Remark 5.3. The sigma function (5.1) is related to the classical Weierstrass sigma function σWeierstrass in for
example [Sil86] by the formula
σWeierstrass(z) = e
az2σ(z),
where a is a constant. It is not hard to check that these define the same invariants of MO〈8〉-manifolds.
The σ-function (5.1) also arises as the p-adic σ-function of the Tate curve [MT91].
5.2. The Ochanine genus. Let C ∼= C/Λ be an elliptic curve, and let p be a point of exact order 2 of C.
Let r1 and r2 be the other two non-zero points of order two, and let P,R1, R2 be representatives of these
points, such that R1 +R2 = P . There is a meromorphic function f on C with divisor
div f = (0) + (p)− (r1)− (r2);
f is uniquely determined by requiring that its pull-back s to C have a Taylor series expansion of the form
s(z) = z + o(z2).
In fact in this case s is given by the formula
s(z) =
σ(z)σ(−R1)σ(−R2)σ(z − P )
σ(z −R1)σ(z −R2)σ(−P )
. (5.4)
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It is odd, and the resulting genus is the elliptic genus of Ochanine [Och87] for the pair consisting of the
lattice Λ and the point p. It is customary to consider s as a theta function for the lattice
Λ′ = {λ+ nP |λ ∈ Λ, n ∈ Z}.
The function s is not quite periodic with respect to this lattice, but satisfies
s(z + λ+ nP ) = (−1)ns(z)
for λ ∈ Λ. Thus
γ(λ+ nP ) = 0
c(λ + nP ) = (−1)n.
Explicitly, if Λ = 2πiZ+ 4πiτZ and P = 2πiτ , then using (5.1) in (5.4) gives the formula
s(z) = −2
1− u
1 + u
∏
n≥1
(1− qnu)(1− qnu−1)(1 + qn)2
(1 + qnu)(1 + qnu−1)(1 − qn)2
.
Theorem 6.1 for this function is due to Rosu [Ros99].
6. The equivariant Thom class
We fix a meromorphic function θ satisfying the conditions of §4. We recall (4.4) that the Taylor expansion
θˆ of θ at 0 determines a multiplicative analytic orientation
MSO→ HP,
and we write φ for the resulting Thom isomorphism.
Suppose that X is a compact smooth T-manifold, and that W is a virtual oriented T-bundle over X . The
Thom isomorphism φ gives a generator φ(W )
T
of HT(W ), and so a generator of
HT(W ) ⊗
C[z]
OC0
which we shall also denote φ(W )
T
.
Theorem 6.1. If W is an oriented T-vector bundle over X, and either
1. w2(W ) = 0 and the function γ of (4.1d) is identically zero; or
2. the equations (1.2) hold,
then the invertible sheaf of E(X)-modules E(W ) has a global section Θ, such that
Θ0 = φ(W )T
under the isomorphism (2.12)
HT(W ) ⊗
C[z]
OC0 ∼= E(W )0.
The proof will occupy the rest of this section. To give it we fix a cover of C adapted to level N to (V, φ)
and (T, φ), where N is large enough that the zeroes and poles of θ are contained in N−1Λ. We also write
W = V − T,
where V and T are spin T-vector bundles of even rank, as in §3.
Let us indicate precisely what it is we must construct. Since φ is multiplicative, we have
φ(W )
T
= φ(T )
−1
T
⊗ φ(V )
T
.
Proposition 3.10 shows that it is equivalent to construct a global section of the sheaf E(X)[φ,V−T ], whose
value in
E(X)
[φ,V−T ]
0
∼= HT(X) ⊗
C[z]
OC(U0)
is 1. The formula (3.9) for this sheaf shows that such a global section is assembled from sections Θa ∈
E(X)a(Ua) which satisfy the formula
Θb = τ
∗
b−a(e(a, b)i
∗Θa). (6.2)
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on U ⊂ Ua ∩Ub. Because we are using an adapted open cover, it will suffice in (6.2) to suppose that b is not
special.
In order to give the formula for Θ, we introduce some notation and results in section § 6.1. The construction
of Θ using these results begins in § 6.2.
6.1. Notations and lemmas. Suppose that a is a special point of order n. The structure of the formula
for Θa depends on the parity of n, but the two cases share many components. Let h = n/2. In the following,
terms which involve h are simply absent in the case that n is odd.
Let P be a component of the submanifold XT[n] of points fixed by T[n]. Let F ⊂ P be a component of
XT. We have decompositions of real T-vector bundles
T |P = T0 ⊕ Th ⊕
⊕
0<r<h
Tr
R (6.3)
V |P = V0 ⊕ Vh ⊕
⊕
0<r<h
Vr
R.
For 0 < r < h, Tr and Vr are complex vector bundles over P on which ζ ∈ T[n] acts by multiplication by ζ
r.
The bundles T0 and V0 are the summands of T and V on which T[n] acts trivially; and if n is even then Th
and Vh are the summands on which T[n] acts by the sign representation.
Over the submanifold F there are decompositions
T0|F = T (0)⊕
⊕
06=mj≡0
T (mj)
R
(6.4)
Th|F =
⊕
mj≡h
T (mj)
R
n even (6.5)
Tr|F =
⊕
mj≡r
T (mj)
R
0 < r < h
V0|F = V (0)⊕
⊕
06=m′
j
≡0
V (m′j)
R
Vh|F =
⊕
mj≡h
V (mj)
R
n even
Vr|F =
⊕
m′
j
≡r
T (m′j)
R
0 < r < h;
the equivalences are modulo n. For m 6= 0, T (m) and V (m) are complex vector bundles on which z ∈ T acts
by fiberwise by multiplication by zm. Since the real representations C(m)
R
and C(−m)
R
of T are isomorphic,
we are free to choose the signs of the mj and m
′
j which are not congruent to 0 or h modulo n so that there
are integers ℓj , rj , ℓ
′
j, and r
′
j satisfying
mj = nℓj + rj
m′j = nℓ
′
j + r
′
j
(6.6)
with 0 < rj , r
′
j < h.
We must choose orientations for T (0), T0, and Th; our choice will depend on the parity of n.
If n is odd, then the complex structures on T0<r<h and the orientation of T itself determine an orientation
for T0. We choose the orientation of T (0) and the signs of the mj ≡ 0 so that (6.4) respects the orientations
on both sides. In this case let δ = 0.
If n is even, then we simply choose an orientation for T0; this induces one on Th so that (6.3) respects the
orientations. We choose the orientation of T (0) and the signs of the mj ≡ 0, h so that
(T0 + Th)|F ∼= T (0)⊕
⊕
mj≡0,h
T (mj)
R.
is compatible with the orientations on both sides. For those j such that mj ≡ h, we define ℓj so that
mj = nℓj + h.
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We have two possibly distinct orientations on T0|F : one is obtained by restricting our chosen orientation;
the other is induced by the the decomposition (6.4). We define
δ : π0(X
T ∩ P ) −→ {0, 1}
to be zero if these orientations agree, and one if they do not. Note that the decomposition (6.5) of Th|F
respects the orientations on both sides if and only if δ(F ) = 0.
We choose the orientations and rotation numbers for V in the same way, and so define a function δ′.
Let us write
er = rankC Tr 0 < r < h
e′r = rankC Vr 0 < r < h
er =
1
2 rankR Tr r = 0, h
e′r =
1
2 rankR Vr r = 0, h
dj = rankC T (mj)
d′j = rankC V (m
′
j).
Note that er is an integer if P contains an F which is non-empty. For mj 6= 0 let xj,1, . . . , xj,dj be the roots
of the total Chern class of T (mj), and define x
′
j,1, . . . , x
′
j,d′
j
to be the roots of the total Chern class of V (m′j).
In terms of these we define several quantities which appear repeatedly in our analysis.
ǫ = c(λ(δ′ +
∑
d′jℓ
′
j − δ −
∑
djℓj))
α = −
1
2n
h∑
r=1
(e′r − er)r
2
G =
∑
j
n
2
(d′jℓ
′
j
2
− djℓ
2
j) + d
′
jℓ
′
jr
′
j − djℓjrj
H =
∑
j
ℓ′jc1V (m
′
j)T −
∑
j
ℓjc1T (mj)T
=
∑
j
ℓ′j(d
′
jm
′
jz +
∑
i
x′j,i)−
∑
j
ℓj(djmjz +
∑
i
xj,i).
Let V be the complex T-line bundle
V = ⊗0<r<h det(Vr)
−r det(Tr)
r
over XT[n].
We recall that a is a special point of exact order n. Let λ be the lattice point na. Let γ = γ(λ) be the
constant in the translation formula (4.1d) for θ, and let S(x) = eγx.
Our hypotheses imply the following results. They are essentially contained in [BT89], to which we refer
for the proof of the first lemma. The next three lemmas are trivial in the case γ = 0; proofs in the case that
(1.2) holds will be given in §8, below.
Lemma 6.7. The quantity ǫ is independent of the component F of XT, provided that F is contained in P .
In other words, ǫ is a locally constant function on XT[n].
Proof. This is Lemma 9.3 in [BT89].
Lemma 6.8. We have an equality
S(α) = S(G);
in particular, this quantity is constant on P .
Lemma 6.9. If n is odd, then the complex T-line bundle V has an nthroot V1/n over P , with the property
that
S(i∗c1(V
1/n)
T
) = S(H).
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Lemma 6.10. If n is even, then the complex T-line bundle V has an hthroot V1/h over P , with the property
that
S(12 i
∗c1(V
1/h)
T
) = S(H + 12c1(i
∗(Vh − Th))T).
6.2. Construction of Θ: ordinary points. First we give a formula for Θb when b is ordinary. Taking
a = 0 and Θ0 = 1 in (6.2) gives the formula
Θb = τ
∗
b (e(0, b)i
∗Θ0) = τ
∗
b e(0, b). (6.11)
A priori, this formula determines Θb only on open subsets U of Ub\{b} and only on those Ub such that
Ub ∩ U0 is non-empty, but in fact it determines Θb on all of Ub for any b. With our notations, we have
e(0, b) =
∏
j
∏d′j
i=1 θ(x
′
j,i +m
′
jz)∏
j
∏dj
i=1 θ(xj,i +mjz)
. (6.12)
If Ub ∩ U0 is non-empty, or if Ub ∩ Ua is empty for all special points a, then we orient T (0) and V (0) by
choosing the mj and m
′
j to be positive. Otherwise, there is a unique a such that Ua ∩ Ub is non-empty, and
we follow the procedure described above to orient T (0) and choose signs for the mj .
Lemma 6.13. As a function of z we have
e(0, b)(z + λ) = e(0, b)(z).
In other words, the formula (6.12) defines a global section of HT(X
b)⊗MC.
The proof is given in §8.
Lemma 6.14. The formula (6.11) defines an element of E(X)b(Ub).
Proof. What must be shown is that τ∗b e(0, b) has no pole at the origin. Suppose it does; we shall show that
b is a special point. Choose a lift of b to C; we may call it b in view of Lemma 6.13. We have
τ∗b e(0, b) =
∏
j
∏d′j
i=1 θ(x
′
j,i +m
′
jz +m
′
jb)∏
j
∏dj
i=1 θ(xj,i +mjz +mjb)
.
If this has a pole at the origin then θ has a zero at mjb for some mj or a pole at m
′
jb for some m
′
j . Let us
take the first case for definiteness. By assumption, the zeros and poles of θ are contained in N−1Λ, so
mjb ∈ N
−1Λ
and
Nmjb ∈ Λ.
By Definition 2.3, b is a special point.
6.3. Construction of Θ: special points. If a is special, then as usual U ⊂ Ua ∩ Ub is nonempty only if b
is ordinary. Combining the two equations (6.2) and (6.11) gives
τ∗b e(0, b) = τ
∗
b−a(e(a, b)i
∗Θa) (6.15)
or equivalently
e(a, b)−1τ∗a e(0, b) = i
∗Θa. (6.16)
Special points of odd order. In this section we give the formula for Θa, supposing that n is odd.
For 0 < r < h, let Qr be the exponential characteristic class for complex vector bundles defined by the
formula
Qr(L) = θ(c1L+ ra).
Let Θa ∈ E(X)(Ua) be given by the formula
Θa = ǫS(aα)S(c1(V
1/n)
T
)
∏
0<r<h
Qr(Vr)
Qr(Tr)
. (6.17)
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Proposition 6.18. If n is odd, then the class Θa in (6.17) satisfies the equation (6.16).
Proof. We have
e(0, b) =
∏
j
∏d′j
i=1 θ(x
′
j,i +m
′
jz)∏
j
∏dj
i=1 θ(xj,i +mjz)
.
The iterated transformation formula (4.2) gives
τ∗a e(0, b) =
∏
j
∏d′j
i=1 θ(x
′
j,i +m
′
jz +m
′
ja)∏
j
∏dj
i=1 θ(xj,i +mjz +mja)
=ǫS(aG+H)
∏
0≤r<h
Πr, (6.19)
where
Πr =
∏
m′
j
≡r (n)
∏d′j
i=1 θ(x
′
j,i +m
′
jz + ra)∏
mj≡r (n)
∏dj
i=1 θ(xj,i +mjz + ra)
for 0 ≤ r < h.
In view of Lemmas 6.8 and 6.9, it remains to observe that
Π0 = e(a, b), (6.20)
while for 0 < r < h we have
Πr = i
∗
(
Qr(Vr)T
Qr(Tr)T
)
. (6.21)
Special points of even order. In this section we give the formula for Θa, supposing that n is even.
Once again, for 0 < r < h, let Qr be the power series
Qr(x) = θ(x+ ra).
For all r these give characteristic classes for complex vector bundles.
Now, however, for r = h, set
Qh(x) = S(−
1
2x)θ(x +
λ
2 ).
The formulae
θ(−x) = −θ(x)
θ(x+ λ) = c(λ)S(x+ λ2 )θ(x)
imply the following.
Lemma 6.22. The power series Qh satisfies
Qh(−x) = −c(λ)Qh(x),
and so defines a characteristic class of oriented even real vector bundles.
Let Θa ∈ E(X)a(Ua) be given by the formula
Θa = ǫS(aα)S(
1
2c1(V
1/h)
T
)
∏
0<r≤h
Qr(Vr)
Qr(Tr)
. (6.23)
We have used Lemma 6.22 to ensure that the class Qh(Vh)/Qh(Th) is well-defined. The proof of Theorem
6.1 is completed by the following.
Proposition 6.24. If n is even, then the class Θa in (6.23) satisfies the equation (6.16).
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Proof. The argument is similar to the proof in the odd case, Proposition 6.18. Once again we have
τ∗a e(0, b) = c(λ(
∑
d′jℓ
′
j −
∑
djℓj))S(aG+H)
∏
0≤r≤h
Πr.
The result follows from Lemmas 6.8, 6.10, and the equations
Π0 = (−1)
δ′−δe(a, b)
Πr = i
∗
(
Qr(Vr)T
Qr(Tr)T
)
0 < r < h
Πh = (−c(λ))
δ′−δS(12c1(i
∗(Vh − Th))T)i
∗
(
Qh(Vh)T
Qh(Th)T
)
.
7. Equivariant elliptic cohomology of Thom spaces of virtual representations
Let V be a complex representation of T, considered as a T-vector bundle over a point. The fixed sub-
bundles V T[n] are automatically orientable, so Lemma 3.7 and Proposition 3.10 apply even without the spin
hypothesis. In particular, the elliptic cohomology E(V ) of the Thom space of V , and more generally of a
virtual complex representation of T, is an invertible sheaf of E(∗) = OC -modules, i.e. a holomorphic line
bundle over C. It is illuminating to understand the statement of Theorem 6.1 in this case.
Recall that we have chosen a generator z of the character group of T, and so identified the representation
ring of T with a ring of Laurent polynomials
R[T] ∼= Z[z, z−1].
If f is a Laurent polynomial in z, we shall write V (f) for the associated virtual complex representation of T.
If n is a natural number, let C[n] be the subgroup of C consisting of points of order n. Let I(C[n]) ⊂ OC
be the sheaf of ideals consisting of germs of holomorphic functions which vanish at C[n]; it is a holomorphic
line bundle over C. If C[n] is regarded as a divisor on C, then I(C[n]) coincides with the line bundle which
is usually denoted OC(−C[n]).
Proposition 7.1. The line bundles E(V ) for V ∈ R[T] are determined up to isomorphism by the following.
E(V (0)) = OC
E(V (zn)) ∼= I(C[n]) (7.2)
and
E(V +W ) ∼= E(V ) ⊗
OC
E(W ).
for V,W ∈ R[T].
Proof. The first part is clear, since E(V (0)) = E(∗). The third part follows from the multiplicative property
of the Thom isomorphism (3.1) (and so of its associated euler class), together with the construction (3.9) of
E(X)[φ,V ] ∼= E(V ).
For (7.2), let V = V (zn), and consider the multiplicative orientation φ given by the σ function. A point
a ∈ C is special if and only if na = 0, and for such a we have V a = V . For ordinary b we have V b = 0. It
follows that
e(a, b) = σ(nz),
a function which vanishes at precisely the points w ∈ C such that nw ∈ Λ. Thus in the gluing (3.9), a
trivialization of E(V )a corresponds to a section of E(V )b which vanishes at a; this is a description in terms
of cocycles of the ideal sheaf I(C[n]). The isomorphism
E(X)[φ,V ] ∼= E(V )
of Proposition 3.10 gives the result.
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If f =
∑
djz
mj , let D(f) be the divisor
D(f) = −
∑
djC[mj ]
(The subgroup C[mj ] is considered as a divisor and the sum is as divisors). Proposition 7.1 says that there
is an isomorphism
E(V (f)) ∼= OC(D(f)).
The degree of this line bundle is
degE(V (f)) = −
∑
djm
2
j . (7.3)
Corollary 7.4. If V ∈ R[T] is a complex virtual representation of T, then
p1(V )T = −z
2 · degE(V ) ∈ H4(BT;Z).
The application of Theorem 1.1 to complex representations of T is as follows.
Proposition 7.5. The line bundle E(V ) associated to a virtual representation V of T is trivial precisely
when p1(V )T = 0. If
f =
∑
djz
mj
and p1(V (f))T = 0, then the meromorphic function∏
j
σ(mjz)
dj (7.6)
defines a holomorphic trivialization of OC(D(f)) ∼= E(V (f)). If in addition w2(V )T = 0, it is precisely the
trivialization given by Theorem 1.1.
Proof. Let
D =
∑
nP (P )
be a divisor on C. Recall that the line bundle OC(D) associated to D is trivial precisely when
degD =
∑
nP = 0 (7.7a)∑C
nP (P ) = 0; (7.7b)
the second sum is taken in the group structure of the elliptic curve C. For the divisors we are considering,
the condition (7.7b) is always satisfied, since as a group
C[n] ∼= (Z/n)2,
and ∑
g∈(Z/n)2
g = 0.
It follows that E(V ) is trivial precisely when degE(V ) = 0, that is when p1(V )T = 0.
It is well-known and easy to check that the product of sigma functions (7.6) descends to a trivialization
of OC(D(f)), and it is also easy to check that it coincides with the trivialization of Theorem 1.1.
Proposition 7.5 raises the question of the role of the condition (1.2a) on the equivariant second Stiefel-
Whitney class. One way to say this is as follows. Let
f =
∑
djz
mj
as in the Proposition, and let g be the associated trivialization of OC(D(f)): as a function on C,
g(z) =
∏
j
σ(mjz)
dj .
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Let ι : C → C be the involution
ι(P ) = −P.
The equality of divisors
ι∗D(f) = D(f)
gives a canonical isomorphism
ι∗OC(D(f)) ∼= OC(D(f)),
of line bundles over C, and it is natural to ask whether
ι∗g = g (7.8)
under this isomorphism. As a function on C, this amounts to asking whether
g(−z) = g(z).
The function g is uniquely determined among trivializations of OC(D(f)) by the equation
g′(0) =
∑
djmj ,
and the parity of this quantity is the second Stiefel-Whitney class
w2(V )T = g
′(0)z ∈ H2(BT;Z/2).
Thus
ι∗g = g
precisely when w2(V )T = 0. This means, for example, that the trivialization g is independent of the choice
of generator z of the character group of T.
8. Consequences of the characteristic class restrictions
In this section we prove Lemmas 6.8, 6.9, and 6.10. We retain the set-up and notations of the previous
section.
First let us work out explicitly some consequences of the characteristic class restrictions (1.2).
Lemma 8.1. If equations (1.2) hold, then we have∑
j
djmj ≡
∑
j
d′jm
′
j mod 2 (8.2)∑
j
djm
2
j =
∑
j
d′jm
′
j
2
(8.3)
∑
j
mj
dj∑
i=1
xj,i =
∑
j
m′j
d′j∑
i=1
x′j,i. (8.4)
Proof. Introduce formal roots y0,j and y
′
0,j so that
1 + p1T (0) + . . . =
∏
(1− y20,i)
1 + p1V (0) + . . . =
∏
(1− y′0,i
2
).
The equation (1.2b)
p1
2 (V − T )T = 0
implies that
p1
2 (V |MT − T |MT)T = 0.
On the other hand, this class is given by half the degree-four component of∏
(1 − y′0,i
2
)
∏
j
∏d′j
i=1(1 − (x
′
j,i
2
+ 2m′jx
′
j,iz +m
′
j
2
z2))∏
(1− y20,i)
∏
j
∏dj
i=1(1− (x
2
j,i + 2mjxj,iz +m
2
jz
2))
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Examining the coefficient of z gives (8.4), and examining the coefficient of z2 gives (8.3). Equation (8.2)
follows from the equation w2(T − V )T = 0 by a similar argument.
Lemma 8.5. If equations (1.2) hold, and n is odd, then∑
0<r<h
r(c1Tr − c1Vr) ≡ 0 (n). (8.6)
If n is even, then ∑
0<r<h
r(c1Tr − c1Vr) ≡ 0 (h)
1
h
( ∑
0<r<h
r(c1Tr − c1Vr)
)
mod 2
= w2(Vh − Th).
(8.7)
Proof. We treat the case that n is even; the case that n is odd is similar. Let zn = z|BT[n]. Introduce formal
roots yr,j and y
′
r,j so that
1 + c1Tr + . . . =
∏
(1 + yr,j) 0 < r < h
1 + c1Vr + . . . =
∏
(1 + y′r,j) 0 < r < h
1 + p1Tr + . . . =
∏
(1− y2r,j) r = 0, h
1 + p1Vr + . . . =
∏
(1− y′r,j
2
) r = 0, h.
Then p12 (TT − VT)|BT[n]×MT[n] is given by minus half the degree-four component of∏
0≤r≤h
∏er
i=1(1 − (y
2
r,i + 2ryr,izn + r
2z2n))∏
0≤r≤h
∏e′r
i=1(1− (y
′
r,i
2 + 2ry′r,izn + r
2z2n))
.
The coefficient of zn is ∑
0<r<h
r(c1Tr − c1Vr) + h
∑
j
yh,j − y
′
h,j.
The characteristic class restriction (1.2) implies that this quantity is zero; the claims of the lemma follow.
Proof of Lemma 6.13. We have
e(0, b)(z + λ) =
∏
j
∏d′j
i=1 θ(x
′
j,i +m
′
jz +m
′
jλ)∏
j
∏dj
i=1 θ(xj,i +mjz +mjλ)
= c(λ(
∑
d′jm
′
j − djmj))
S(
∑
m′j(d
′
jm
′
jz +
∑
x′j,i)−
∑
mj(djmjz +
∑
xj,i))
S(λ2 (
∑
d′jm
′
j
2
−
∑
djm
2
j ))
e(0, b)(z)
= e(0, b)(z).
The third equation uses Lemma 8.1.
Proof of Lemma 6.8. Recall that
G =
∑
j
n
2
(d′jℓ
′
j
2
− djℓ
2
j) + d
′
jℓ
′
jr
′
j − djℓjrj .
Substituting the equation
mj = nℓj + rj
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(and similarly for m′j) into equation (8.3) gives
0 =
∑
j
d′jm
′
j
2
− djm
2
j
=
∑
j
d′j(n
2ℓ′j
2
+ 2nℓ′jr
′
j + r
′
j
2
)−
∑
j
dj(n
2ℓj
2 + 2nℓjrj + r
2
j ).
It follows that
2nG = −
∑
r
(e′r − er)r
2,
and that this quantity is divisible by n.
Proof of Lemma 6.9. The first Chern class of the bundle
V =
∏
0<r<h
det(Vr)
−r det(Tr)
r
is
c1V = −
∑
r
r(c1Vr − c1Tr).
The restriction of V to MT has Chern class
c1(V|MT)T = −
∑
j
r′j(d
′
jm
′
jz +
d′j∑
i=1
x′j,i) +
∑
j
rj(djmjz +
dj∑
i=1
xj,i).
Adding to this zero in the form (from (8.4) and (8.3))
∑
j
m′j(d
′
jm
′
j +
d′j∑
i=1
x′j,i)−
∑
j
mj(djmj +
dj∑
i=1
xj,i)
gives
c1(V|MT)T =
∑
j
(m′j − r
′
j)(d
′
jm
′
jz +
d′j∑
i=1
x′j,i)−
∑
j
(mj − rj)(djmjz +
dj∑
i=1
xj,i)
= n
∑
j
ℓ′j(d
′
jm
′
jz +
d′j∑
i=1
x′j,i)− n
∑
j
ℓj(d
′
jmjz +
dj∑
i=1
xj,i)
= nH.
Proof of Lemma 6.10. First observe that if
V =
∏
0<r<h
det(Vr)
−r det(Tr)
r ,
then Lemma 8.5 shows that V has an hthroot, with the property that
c1V
1/h
mod 2 = w2(Vh − Th).
The restriction of V to MT has Chern class
c1(V|MT)T = −
∑
0<r′
j
<h
r′j(d
′
jm
′
jz +
d′j∑
i=1
x′j,i) +
∑
0<rj<h
rj(djmjz +
dj∑
i=1
xj,i).
Adding to this zero in the form (from (8.4) and (8.3))
∑
j
m′j(d
′
jm
′
jz +
d′j∑
i=1
x′j,i)−
∑
j
mj(djmjz +
dj∑
i=1
xj,i)
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gives
c1(V|MT)T =nH
+
∑
m′
j
≡h
m′j(d
′
jm
′
jz +
d′j∑
i=1
x′j,i)−
∑
m′
j
≡h
nℓ′j(d
′
jm
′
jz +
∑
i
x′j,i)
−
∑
mj≡h
mj(djmjz +
dj∑
i=1
xj,i) +
∑
mj≡h
nℓj(djmjz +
∑
i
xj,i)
=nH
+ h
∑
m′
j
≡h
(d′jm
′
jz +
d′j∑
i=1
x′j,i)− h
∑
mj≡h
(djmjz +
dj∑
i=1
xj,i).
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